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06rn;a5.1: xapaKTepMCTMKa pa60Tbl 

AKTyaJibHOCTb TeMbI. likcJie,n:oBamrn: :vrnrHHTHbIX RBJI€HHfi H ::-vrar-

HMTHbIX CBOHCTB .\taTepH&'lOB M'.\1€10T /J;O.rrry10 MCTOpHIO [l]. TeopHH ::-vrarHe­

TM3:VIa H CBR3aHHbI€ c Hlf:VIH rrpo6Jie'.\1bI COCTaBJIR10T 6bICTp0 pa3BHBa!OIIJ.Y­

!OC}l o6JiaCTb HCCJI€,IJ;OBaHHH B C0Bp€'.\1€HHOH Teopmi: <PH3HKH KOH,lJ,€HCMpO­

Ba.HHbIX cpe,n; H T€CHO CBR3aHbl co ::'vIHOrlnrn ,n;pynnrn ofoiaCT5!:\1H <PH3UKH 

( ::'viaT€'.\1aT¥IKa, 6Ho<Pu311Ka, Xl1:VIl!l}l 11 :..ra.Tep11a.'JOBe,;:r:eH11e). 8TH HCCJI€,IJ;OBa­

HRH H:\1eJOT IllHpOKOe rrpu:v1eHeHHe B pa3.lll1'IHbIX o6JiaCTRX 3.'l€KTpOHHKH, 

KO::-VIIIhIOTepHofi Texm1KH H T.,rr,. HemKH.'1;aHHoe OTKpbITHe :1-1e,11,Ho-oKCH,J,HhIX 

BbICOKOT€'.\1!1€paTypHbIX CBepxrrpOBO)J;HHKOB B 1986 rO)Jy [2] He TOJibKO Bbl-

3B&ll0 Ha,IJ;€)K,IJ;y, 'ITO B ,n;aJibHeHill€:\1 '.\1bI 6y;i,e:-.1 1D1€Tb B CB0€'.\1 pacrropRiK€­

HHI1 :VJaTepu&'lbI, KOTOpbre rrpORBJIRIOT CBepxrrpOBO,IJ;H'.\iOCTb rrpH KO:VJHaTHOfi 

T€'.\,mepaType, HO H OTKpbma HOBbIH 3TarI B HCCJI€.11;0Baf!HH :..rn.rHHTHb!X 51B­

.'l€HHM. B 3Tofi CB513H ucc.rre;:i;oBamre '.\1arH11THhrx CBOHCTB ,n;By::-viepHhrx pe­

Ill€TOK RBJIR€TC51 O)J;HH:\1 H3 KJI10'I€BbIX K0'.\1IIOH€HTOB Bb!COKOTe;..mepaTyp­

HOH CBepxrrpOBO)J;H:VJOCTH. O,n:mn1 H3 ca::-vrhIX 3a:-1e'IaTe.rroHbDC ,IJ;OCTH)K€HHfi B 

3TOi1: 06JiacT11 - rrporpecc B vl3y'IeHHH '.\1arHeTH3'.\1a B TBep,n:o::-v1 3 He. Cn:ou 

)KH,ll;KOTO H TBep,n:oro 
3 He' HaHeCeHHbI€ Ha IIOBepXHOCTb rpa<PHTa, 11rpa10T 

Ba*HYIO pO.'lb rrp11 H3y'IeHm1 ::-vrarHHTHhIX CBOHCTB remrn [3], [4]. IIepBhre 

,J,Ba CJIO.H 3TOH CHCT€:\1bl 06pa3y10T .ll;By:.1€pHy10 TpeyroJibHYIO peIIIeTKy, a 

Tp€THfI CJIOH .HBJI.H€TC.H CHCTe::-vrofl: qacTHIJ; co CIIHH0'.\1 1/2 Ha peIIIeTKe Karo­

'.\1 € [5]. Ta.K Ka.K qacruri;or 3 He .HBJI.HIOTCH <Pep'.\rnoHa:-1.H co cnHH0'.\1 1/2, TO 

pa1y:v1Ho rrpe;:i;rroJIO)KHTh, '!TO TBep;:i;orli 3 H c .HBmieTCZI cncTe'.\1ofl: .TIOKa.JIH30-

BaHHhIX TO)K.11;€CTBeHHhIX <Pep;..moHoB. M11KpOCKOIIH'I€CKM Teop1rn :viarHe­

TM3'.\1a ;:i;.11.H TaKHX CHCT€:\1 OCHOBaHa Ha KOHri;enri;nH rrepecTa.HOBKH 'l.a.CTHIJ;. 

KaK 3Kcrrep1nieHT&'lbHhre [6], TaK H TeopeTH'IeCK11e [7] 11ccJie.n;oBaH11.H rroKa-

3oIBaIOT, '!TO rpexqaCTH'l.HOe B3an:v10,n:ei1:CTBHe .HBJI.H€TC.H ;:i;mrnHnpyIOill,H:VI B 

,n;aHHOfi CHCTe:v1e. ,lJ;Jrn OIIHC:aHH.H CJIOeB TBep,n;oro 3 He, ::'v!O)KHO HCI10.Jlb30BaTb 

:.10,n:eJib fefl:3eH6epra c ::'vIHOTO'IaCTH'IHbl'.\1 o6:.IeHHbl:\1 B3au::-vro,n:efiCTBH€:\1, 'ITO 

rrpvIBO,ll;HT K IIO.HB.ll€HHIO pa3Jlll'IHb!X yrrop.H,IT,O'l.€HHb!X <Pa3 H IIJiaTO Ha:..rnr­

HM'I€HHOCTH [8]. 
lifayqemre Bbillle yrro::-vrnHyTbIX IIJiaTO Ha:-rarHH'I€HHOCTH .HB.'1.H€TC.H 0,J,HH:M 

H3 OCHOBHbIX narrpaBJI€HHH C0Bp€'.\1e!UIOM ,rr,e.HTeJibHOCTU B 06.rra.CTU H€TPHBH­

aJibHbIX KBaHTOBhrx a<P<PeKTOB B <PH3HKe KOH/J;€HCHpoBaHHhrx cpe;i,. Hec:vror­

pa Ha 'IHCTO KBaHTOBOe npoHCXQ)K,IJ;€HHe 3TOro RB.TieHH.H, He,n:a.BHO 6oI.JIO IIO­

Ka3auo, 'ITO II.JiaTO Ha'.\1arHH'l.€HHOCT¥1 :\10)K€T IIO.HBI1TbC.H H B :vro,n;e.JI.HX liI3HH­

ra, I1 B H€KOTOpbIX CJIY'IMX H:\1€Tb rro.rrnoe Ka'I€CTB€HHOe COOTB€TCTBHe c 

COOTBeTCTBYIOIIl,eH :VlO,lJ,€.Tib!O fefr3eH6epra. 

B craTHCTH'IecKoi1: :-rexaHHKe craTHCTH'IeCKaa cy'.\1:vrn Z .HB.rrHerca Ba)K-
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HOH BeJmqHHOH, KOTOpa.a onpe,'l;emreT CTan1cn1qecKne CBOHCTBa CHCTe:\Ib! 

B Tep:\W,'l;HHa:.n11::recKo:.1 paBHOBecnH. TepMO)J.HHa:1,u1qecK11e ¢YHKIJ;HH cncTe­

:v1br, TaKHe KaK no.rrna.a 3Hepnrn, CB060,'l;HaR 3Hepnrn, 3HTPOITHR, :-.10ryT 6bITb 

Bb!patKeHbI qepe3 CTaTI1CTYiqecKyIO cy:v1:1,1y HJIM 'Iepe3 ee I!pOH3BO)J.Hbie. ,ll;.1IR 
peKypCMBHbIX pellleTOK :\IO){<HO HaHTM TO'IHOe peKyppeHTHOe COOTHOlll€HMe 

AJ15I CTaTMCTM'f€CKOH cy:\n•JbI M MCC.rre,n;oBaTb CBOHCTBa CHCT€:\1bl :VJeTO)l;a:.ur 

TeOpHH ,ll;vIHa:-,,rn'feCKMX CHCTe:\1 )l;JIR c.rryqa.a 0,LI;HO:VlepHb!X H :VIHOrOMepHbIX 

OTo6patKeHnti: [9, 10]. Karo:1,1e pellleTKy :\W)KHO a1mpoKcn:-.rn:posaTh peKyp­

CHBHOH pellleTKoti: Xyc:in.m. Hcc.rre,;:i;oBaHne :1,1arHHTHhIX csoftcTB pa3Hbrx pe­

llleTOK c ITO:\WIJJ,hIO )J.vIHa:-.rnqecKoro ITO)l;XO)l;a, a TaK)Ke :\1€TO)l;O:VJ TpaHc¢ep­

:\1aTp11u;, RB.T!R€TC5I npe,'l;:VleT0'.\1 HHT€HCHBHhIX HCCJie)l;OBaHHH. (c:-.1. [11, 12]). 
Kor,;:i;a cncTe:-.ra rrpeTepnesaeT ¢a30BhrH: rrepexo,;:i;, HeKOTOphre TepMo,n:vr­

Ha:.1:11qecKue Bem1qHHbI (TaKHe, KaK CB06o,n:Ha.H 3Heprrr.H) CTaHOB.HTC.H CHH­

ry.11.HpHbIMH B TOqKax ¢a3oBoro rrepexo,n:a. TaK KaK Tep:-,,ro,n:nHa:-,,rn:qecKM<' 

¢YHKIJ;HH :\IO)KHO Bbrpa3HTb qepe3 CTaTH:CTHqecKyIO cyM:v1y, TO, ,ll;JI.H HCC.rm­

,n;oBaHH.H ¢a30BhIX rrepexo,a;OB, Ba.JKHO HCCJie,n:oBaTb CTaTHCTH'leCKyIO cyM:\1,V 

CHCTe:-.1b1, B '!aCTHOCTn, Hymr CTaTHCTH'lecKoft cy:\1MhI. B 1952 ro,n:y 51111· 
H Jiu [13, 14] rrpeAJlO)KHJm :v1eTo,n: ,[i.rIH ucc.rre):ioBamrn ¢a30BhIX nepcxo;1011 

IIpH no:-,,roru;n Hy.rreft CTaTHCTHqecKOH cy:\1:\!bI B KOMIT.11eKCHOH 06.JiaCTH (11.YJlll 
IlHra-Jin). B CBOHX OCHOBOII0.11araroru;nx pa6oTax OHM HCCJie,n;oBaJm C.'1'11'1'11 

CTnqecKyIO cy:vnry ¢eppo:-.rn.rm-rTHOft :vto,n:eJiu Ifa1rnra KaK ITOJIHHOM no OTllo 
'.:!It 

rneHHJO K na.pa:vieTpy e - ''"", r,'l;e h - BeJIHqnHa KO:\mJieKCHoro :-.1arnwr11rn·o 

IIO.rl.H Bbipa)KeHHa.H B 3HepreT11qecKH:X €,[il1HHu;ax, 11 ,ll;OKa3aJIH TeOpC:\1)', 1(11'1'11 

paH yTBep){(,n:aeT, 'ITO ,n:.rrn :1,10,a;e.1111 lifa11Hra K0:1,mJieKCHhre HYJIH cTaTI-1<"1'11•11• 

CKOH cy:-.n1bI pacno.rro){(eHbI Ha 0Kpy)KH0CTI1 €,ll;HHHqHoro ,n;naMeTpa Ha 1<11~1 
rr.11eKcnoft rr.rrocKOCTn. Oun ITOKa3a.rrn, 'ITO B Tep:\10,n:nHa:1,1nqecKOM llJl<'J(l',111• 

CHCT€:\1a rrpeTeprreBaeT ¢a30Bblli nepeXO,[i T0.11bKO B TO:\•! CJiyqae, KOI'/Vl fHH' 

rrpe,z:t;eJieHne Hy.'Ieft 5Inra-Jin Ha K0:\1Il.11eKCHOH ITJIOCKOCTH rrepeceKaCT l!OJll 1 

){(HTeJibHyro ,n;el1CTBHT€.TfhHYIO ocb. Ilo3){(e <I>mIIep [15] Haqarr uccJie,n;oB1111111• 

HyJieft CTaTHCTn:qecKOH cy:M:\!bl Ha K0:>.1ITJ1€KCHOH Te:\1nepaTypHOM IIJIOCKOC"l'll 

(<I>nrnepoBCKne Hy.rm). <I>nrnep rroKa3a.11, qTo Kmm.11eKCHO-Te:vmepaTyp11i.11· 

HYJIH cTanrcTHqecKoi1: cy:v1:v1br :VI0,.'.1;€.JIH Ifannra, npn OTCYTCTBHH :.rarHH'l'llo­

ro ITOJU! Ha KBa,a;paTHOM perneTKe, pacno.rraraIOTCR Ha ,I\Bj'X 0Kpy){(H0CT51X 

/v ± 1/ = J2, r,n;e v = tanh(J/2kbT). 
5.IB.'1.HRCb, 3aqacTy10, y,n:o6Hb!:VJ HHCTpy:.1eHT0'.\1 )l;JI.H OIIHCaHH.H ¢113nqe­

CKOH CHCTe:\,JbI, IIYJIH CTaTHCTH'feCKOH cy:-.n1bl Bhl3bIBa.IOT K ce6e l1HTepec 

H 6bIJIH HCCJie,n:oBaHbI ,'l;.'IR Pa3HbIX CITHHOBhIX CHCT8'.\1, TaKHX Ka.K nepap­

xnqecKHe perneTKH, !',.'.!;€ 6bIJl HCITO.'Ib30BaH no,n;xo,n: ,ll;HHa:-,,mqecKHX CHCT€:\,I 
[16],[17]. 

3anyTaHHOCTh, KaK 0,ll,Ha H3 HaH6oJiee HHTepeCHhIX oco6eHHOCTeft KBaH-
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TOBOH :v1exa.HHKH, .HBJrneTC.H npe,IJ;:\Ie'l'O:VI HHT8HCHBHbIX HCC.rre,n;oBaHHI1 [18, 
19]. IIo:.rn:vro Toro, qTo 3anyTaHHOCTb urpaeT BatKHYIO pOJib B KBaHTOBbIX 

BbiqHCJ1€HH5IX [20], OHa TaK){(e OTKpbrnaeT HOBbie rrepcneKTHBbI B 3a,a;aqax 

pa3m-rqHbIX CHCT€:\1, COCT05IIIJ;HX H3 :\1HOI'HX qaCTHIJ;, B qacTHOCTH, 3aIIyTaH­

HOCTb :\!O){<e'l' xa.paKTepH30BaTb oco6eHHOCTH KBa.HTOBOro ¢a30BOro nepe­

xo,a;a (K«I>II) [21]. l\foorue pa60Tbl [22]-[25] 6bIJIH ITOCB5IIIJ;8Hbl ITOHvnlaHHIO 

cooTHorrreHH.H :>.1€)£(,ll;Y K<I>II H 3arryTaHHOCTH B pa3JI:nqHhrx cucTe:vrax, o,n:Ha­

KO, 60JibIIIHHC'l'BO H3 rrpe,n;bl,I\YIIJ;HX pa6oT 110 K <I> II H 3arryTa.HHOC'l'H 6brm-r 

orpaHuqeHbI :-.10.n;eJI.H:VlH c napHbI:v!H B'3aH:>.10,LJ,eMCTBH.H:Vrn; :VIO,ll,8.JIH c Tpex- H.TIH 

qeTbrpex-qacTU'IHbnn1 B3atn10,n;elicTBmnm :.1eHee myqeHhI [26]-[28]. Cyru;e­

CTBJ'IOT pa3Hbie Be.11H'IHHbI ,Il;Jl.H KO.rr11qeCTB€HHOrO omrcaHH.H I<BaHTOBOH 3a­

nyTaHHOCTI1 [18]. 13 AHCCepTau;mr HCITO.'Ib3.Y€'l'C5I KOHKypeHIJ;H.H [29] KaK :.iepa 

KBaHTOBOH 3anyTaHHOCTH ,I\JI.H CHCT8::\1 co CITHHO:\,J 1/2. 
Onpe,n:eJreHHe CBOHCTB 3a11yTaHHOCTH ,z:i;,'I.H CHCTe:\;I c 60JibIIIn:v1 KO.rIHqe­

CTBo:v1 qaCTHU: HB.TI.H€TC.H CJIOX<HOH 3a;i;aqeif, ITOCKO.TibKY B 3'1'0::\1 CJ1yqae co6-

CTB€HHbie ¢YHKIJ;HH H co6C'l'B8HHbie 3Haqenn.H He :\10ryT 6bITb Haft,a;eHbl TQq­

HO. IlpH IT0:\10IIJ;H Bapuau;HOHHOro rro,i;xo,n;a annpOKCVniau;HeM cpe)J.HH:\1 IIO­

Jie:-.1, OCHOBa.HHOI'O Ha HepaBeHCTBe fH66ca-BorOJII060Ba [30]-[32], :l,IQ){(HQ 

CBeCTH inyqenne peIIIeTKH COCTO.HIIJ;HX H3 :\1HOI'I1X qacnru; K orpaHnqeHH0-

:.1y KJiaCTepy, HaXO,ll;5Iru;e:v1yc.H B 3¢¢eKTHBHO:VI cpe,n;He:\1 110.'Ie H pacc<mTaTb 

KBaHTOBYIO 3a11yTa.HHOCTb [33]. 

u;e.riblO )1;HCCepTa:a;HOHHOH pa6oTbl HB.rIHeTC.SI HCC.TI8,'l;OBa1u1e :-rar­

HHTHhIX CBOt!CTB, KpHTHqecKoro nose,a;eHH.H H 3a11yTaHHOCTH pa3HbIX :VIO­

,n;e.rreft .HB.rrmoru;e:v1rn 11pH6JIH){(eHH€::\•J ::i He: :l;JO,a;eJieft :lfanHra u feft3eH6epra 

Ha peKyppeHTHhIX pellleTKax, u;enoqKax 11 .rrecTHHu;ax c :-,,rnoroqacTaqHhnrn 

B3aH:1,10,n;el1cTBH.H::Vm, a liI:\1€HHO: 

1. Hcno.'Ib3Y.H :\•JeTo,n; ,n;11Ha:1,rnqecKHx cncTe::\1, uccJie,n;oBaTb ::\1arHHTHbre 

CBOMCTBa. :vro,n:e.rru IfanHra c ,a;Byx- H Tpex-'faCTHqHbnm B3aH:.10,ri;eH:­

cTB1rn:vm Ha peweTKe Karm·1e. TeopeT11'leCKH ,n;oKa3aTb cyru;ecTBOBa­

HHe IIJiaTO Ha KpMBOH Ha:viarHH'leHHOC'l'H 11pa HH3KHX Te'.\mepaTypax. 

A TaK)Ke HCCJie;:i;oBaTb JrnnyHOBCKHft noKa3aTe,'Ib Ha rr.rraTo Ha:viarnn­

qeHHOCTu. 

2. Hcno,'Ib3Y5I :vreTO,'l; ,ll;HHa:-.1w-iecK11x cncTe:v1, 11cu1e,1.1,0BaTb HYJIH IlHra-Jiu 

H ¢:nrnepoBCKHe Hy.11n :v10,a;e.11H H3nHra c /IBYX- H Tpex-qacnf'!Hhnrn 

B3an:v10,n;eftcTBH.H:.rn Ha perneTKe Karo:v1e. 

3. HcnOJih3Y.H :-ieTo,a; ,'l;HHa:.urqecKHX cncTe:-,,1, ucc.rre,n;oBaTh 11arHHTHbie 

CBOHCTBa :-10,z:t;eJin Pl3HHra c ,n;Byx-, Tpex- 11 rnecT11-qacTHqHbr:vm B3aH-
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:\IO,'J;eHCTBH5Cl1H Ha. n;errO'fKe Karo:-.1e. IloKa3aTb cyrn;eCTBOBa.mre IIJiaTO 

Ha KpHBOH Ha:\rarHH'feHHOCTH H cpaBHHTb c a.mworH'!HbI:11H IIJiaTO JHf­

rryHOBCKHX IIOKa3aTeJiet°r. 

4. Ilprr:M€HHTb Teop:ino arrrrpOKCH:\1aD;HH cpe,:i;mu1 IIOJie:-.1, OCHOBaHHOrO Ha 

HepaB€HCTB€ rn66ca-Boromo6oBa. K :\IO,ll;8JI>l::\I reff3eH6epra Ha p€III€T­

K€ Karo:-.re, TpeyrOJibHOH penreTK€ H 3Hr3ar-JieCTHHu;e. 

5. IIccJieµ;oBaTb CB5f3b ).fe)f(,ll;y :\IarHHTHbIMH CBOHCTBa:\rn H KBaHTOBOfr 

3arryTaHHOCTbIO Ha peIII€TK€ Karo:.1e, µ;eKopupoBaHHOH TpeyrOJibHOH 

perrreTKe l1 ,ll;€KOp!1p0BaHHOH 3!1r3ar JI8CTHI111;€ c ,'l;Byx-, Tpex- H 'f€TbI­

pex'fa.CTI1'fHbI:\I o6:.ieHHbI:\1 B3a.H:\10,'];€HCTBH8:\I. 

HayqHa.SI HOBH3Ha. 

IIcrro.TJb3y>r ,n;:irna).rn:qec1rnM: :vreTO,'J; peKyppeHTHhrx oTo6pa)f(emri!, noJry­

'feHo peKyppeHTHOe COOTHOIIIeHHe ,ll;JI>f CTaTHCTH'f€CKOH cy::-.1:1-rhl /J;.TUI :110/J;<~.IJH 

Ifavrnra Ha pemeTKe Karo:-.rn. Ilpn rro:vrorn;M 3THX OT06pa*e11Hi1, 61>1J1H 110-

Jiy'feHbI IIJiaTo Ha.::viarHM'feHHOCTH. BbI'fMC.rreH JI>rrryHOBCKrrM: uoKa:m'l'<'.llh 11a 

rrJiaTo Ha:-.iarnn'feHHOCTM. BrrepBhre nccJie,J;oBaHbI KO::vmJieKCJI1>IP uy.1111 <"Ta­

THCTH'feCKOH CY:\1:11bI ,ll;JI.H 3TOH ::-.10,n;eJin. 

IlpH!.1€H€Hl'Ie:\1 ,ll;HHa.::-.nrqecKoro ::-.1eTO,J;a peKyppeHTIIblX OTOOJHl.il\1'11 H n 
,n;JI>r ::-.10.n;em1 II3nHra Ha o,n;Ho:11epHofi u;erro'!Ke Karo:-.rn, nor:Tpo1•11i.1 rpii1!1111<11 

3aBHCH:\IOCTH Ha:vra.rHH'f€HHOCTH OT BHemHero :vrarHHTIIOI'O 110J1>1. I lrnrn:m110, 

'ITO aTa cncTe:vra pa36:irnaeTc.a Ha 'f€Tbrpe rro.n;perueTKH c pa:mi.1:-.111 w1.M111'­

HH'feHHOCT.a::vrn. Ha::-.rnrHH'f8HHOCTH Ha ,'l;Byx H3 rro,J;peuwToI< 1t!.w10T 11.11aTo 11 

3TH IIJiaTo COBrra,n;a.IOT c IIJia.To JI>IIIYHOBCKOro I1H,ll;eKca. 

Hcrro.rrh3Y>I ::-.rnTo,n; arrrrp0Kc:in1ari;urr cpe,n;mn1 noJ1m.1, oc1101m1111i.1n 11a. 

H€paBeHCTB€ rrr66ca-Boro.rrro60Ba., ,'l;JI>f !.10,ll;8JIH refneJI6PJ>l'a !' /(11,VX-, 'l'P<'X­

ll 'f€Tbrpex'fa.CTH'fHbI:\I ofo.!€HHbI::VI B3aM::-.10.n;eticTBI1e:\1 mt pil'!llhIX ]>l'lllC'Tl<aX, 

a. ll:\1€HHO, Ha. peIIIeTKe Karo:-.ie, TpeyrOJihHOfi pmJJCYJ'KP H ·ll11'·!i11'-,lf('("l'llllJ(C', 

paCC'fHTa.Ha KOHKypeHu;rra: (:.1epa KBaHTOBOH 3anyTaJl!IO!'TH) If IIOKa:m1m, 'ITO 

ee CBOHCTBa aH&'10I'l1'fHbI CBO:tkTBa.:\I Ha:\Ia!'llH'IOIIIJO('TH. 

IIpaKTHqecRa:H u: TeopeTu:qecKa:H u;eHHOCTb. 

IlOKa3aHo, 'ITO ,'l;HHa:.vmqecKHH :\18TO,ll; peKyppCHTI!bIX OT06pa)f(eHMH ll03-

BOJI>reT rrcc.rre,n;oBaTb KpHTH'l€CKOe IIOBe,n;eHHC :\1110l'HX qJVI3H'f€CKHX CHCTe:-.1, 

TaK11x KaK TBep,J;bifi rr )f(H,ll;KH:ii: 3 II e. IloJiy'fCHHhre pe3y.rrbTa.TbI :vroryT 6bITb 

HCIIOJib30BaHbI B 3KCII€pll!.1€HT8.'lbHbIX rrcc.11e,n;oBaHH.HX IIJiaTO Ha:-.1arHM'f8H­

HOCTH, rrpoBo,J;rr::-.,rhrx B SPEC (Sa.clay, France), Institut Keel (Grenoble, 
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France), ATT Bell Laboratories (Kew .Jersey, CS.A.), Stanford Cniversity 

(California, CS.A.), Cniversity of Insubria. (Italy). 

HcrrOJib30BaHHhrfr :1rnTo,n; a.rrrrpoKc11:-.ia.uHn cpe,n;HH:'.\1 rroJJe:-.1, ocHoBaHHbifi: 

Ha HepaBeHCTBe rrr66ca-Boro.'1I060Ba ll;.fl.H ).10,ll;8JIH reii3ett6epra ('. !.1HOro­

'f8CTH'fHbLvl ofo.rnHHbI:\I B3aH:\IO)l,8HCTBH8!.1, II03BO.rr>reT CB€CTH H3Y'f€HHe pe­

III8TKH COCTO.HID;HX H3 :'dHOrHX '!aCTHD;, K orpaHH'feHHO:\!Y KJiaCTepy Haxoµ;.a­

ru;e:\!yc.a B acj:>cj:>eKTHBH0:\1 cpe,n;H€:\! rro.rre H paCC.'fM:TaTb KB3HTOBYIO 3arryTaH­

HOCTb. 

OcHOBHbie 110.Jio::lKeHu::H, BbIHOCHMbie Ha 3au:t;u:Ty. 

Ha 3aID;l1TY Bb!HOC.HTC>r CJie,J;yrorn;ne pe3yJlbTaTbI no HCCJie,ll;OBaiiHIO CIIH­

HOBbIX 5fB.'18HHH I1 KpHTJ1'f€CKI1X CBOHCTB B CTaTHCTH'f€CKOll cj:>rBHKH: 

1. )l.rra: ::-.10,J;eJIH Ifamrra Ha pewence Karo:-.re, rrp1nmHeHHe::-.1 :\teTo,n;a. ~rr­

Ha:MH'feCKHX CHCTe::-.1, no.rry'feHhI TO'fHOe peKyppeHTHbI€ OT06pa)f(eHH.H 

,LJ;JI>r CTa.TI1CTH'f8CKOH cy:.vnibl [1]. IlocTp08HbI KpHBbI€ Ha.:vrarHM'f€HHO­

CTH ,'];.TI.a :\10,'J;e.TIM Jifa11Hra na. 3Hr3aroo6pa3HOH JI8CTHHIJ;e. IlOKa3aHO, 

'ITO rrpH Hll3KHX T€).1IIepaTypa.x H!.1e8TC.H rr.rraTO Ha:.rnrHI1'f8HHOCTH nprr 

3Ha.'feHrrn m = 1/3. Bbr'!HC.rretta 3a.B11cu:.v1ocTh JIBIIYHOBCKoro noKa-

3aTe.rr.a OT BH€IUHero :v1a.nmTHOro IIO.TI.H H IIOKa3a.HO, 'ITO IIOKa3aTe.rrb 

rrprr6.rrrr)Ka€TC51 K Hy.rrro [l]. l\foTO,ll;0:\1 ,'I;HHa::-.rn:qecKHX CHCT8:\I HCC.rre­

~OBaHbI HYJIH 5Ittra-.Jirr H IIOKa3ano, 'ITO B cj:>eppO:\IarHHTHO,,,I cJiyqae 

HyJ°rn 5IHra-.Jiu Hy.rrrr pacrrOJ'IO)K€HbI Ha .n;yre OKPY*HOCTH e,n;nHH'fHO­

ro pa,:i;rryca. lVIeTO,ll;O:\I ,ll;M:Ha:lrn'feCKHX CHCT8!.! HCCJI€)l,OB8HbI cj:>nwepoB­

CKUe Hy.rr11 H Hafi:,n:eHa. KpHTH'f8C.KM Te:vmepaTypa cPa30BOrO nepexo.n;a 

B cj:>eppmrnrHHTHo:-.1 c.rryqae upu h = 0 [~]. 

2. MeTo,n;o:.v1 ,J;HHa::-.rnqecKnx cncTe::-.1 uccJie,n;oBaHhr ::-.rnrHHTHbre cBolicTBa 

.\10,'l;e.rrrr IfanHra. r-ia o,>J;HO:vrepHoli peweTKe Karo:.rn. Ilo.rry'feHbI o,ri;Ho­

::-.rnpttoe ll ,n;By:vrepnoe peKyppeHTHbie OT06pa.)1(€HHH )l,JI>f CTaTHCTH'fe­

CKOfI cy:-.1::-.lbl. Iloc.TpOeHbI rpacj:>MKM Ha:.ra.rHH'fCHHOCTM ll II0Ka3a.no, 'ITO 

3Ta CI1CTe:.1a pa36:irnaeTC5f Ha 'fCTbipe IIO)l,p€III€TKH c p33Hbl:\U! Ha.:v1ar­

HH'f€HHOCT.H:\Ill. Ha:.iarHH'fCHl!OCTH na ,n;Byx H3 rro,"J;perueTOK n:.ieroT 

IIJ'Ia.TO l1 3TH IIJiaTO comra,n;aroT c rrnaTO .rr.arryHOBCKOro HH,ll,CKCa [3_]. 

3. )l,JLH :\IO,ll;€JIH reil.3en6epra. C /J;BYX-, Tpex- H 'leTbipex-'faCTU'fHbn1 06-

!.!eHHbl.\1H B3al'I:\IO,ll;eficTBJ1.H:\m, Ha pa3Hb!X peIIICTK8,,,'X, a H:l!eHHO, na 

perueTKe Ka.ro:-.1e, Tpeyro.rrhHOti perneTKe 11 3Hr3ar-JieCTHmi;e, pacc'fvr­

Ta.Ha. KOHKypeHun.a (:v1epa KBa.HTOBOH 3anyTa.HHOCTH) rrpH:\IeH€Hl18:\I 

.\1eTO,n;a. arrrrpOKCH:lfa.JJ;Hll cpe,n;HH:\1 rro.rre:-.1, OCHOB3HHOro Ha HepaBeH-
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CTBe fn66ca-Boromo6oBa., M ITOKa.3aHO, 'ITO ee CBOHCTBa a.mwIOrH'fHbI 
CBOHCTBa:\1 Ha:..mrHI:I'feHHOCTH. [::!.]. 

Anpo6au;1u1 pa60Tb1. OcHOBHbre pe3y.1IhTa.TbI ,L1,HccepTau;1111 ,IJ;OKJia­

,'.l;bIBaJIHCb ,ci;nccepTaHTm,1 Ha ;,1e.1K,IzyHa.po,:i;Hoil: KOHcpepeHIJ;HH 'The XIV-th 

International Conference on Symmetry Iv1ethods in Physics (SYMPHYS­

XIV)" (August 16 - 22, 2010, Tsaghkadzor, Armenia), a TaK :?Ke Ha ceMHHa­

pax Kacpe.n;pbr TeopeTH'fecKofr cpM3HKH cpaKy_rlbTeTa cpM3HKH EfY. 

1Iy6Jn1Kau;nn. Ilo Te:1,re ,a;nccepTa.IJ;HOHHoil: pa6oTbI OITy6.JJHKOBaHo 4 
Hay'fHbIX pa60TbI, CITMCOK KOTOpbIX ITp!i!BO,'.J;HTC.H B KOHu;e aBTOpecpepaTa. 

CTpyKTypa H o6'beM ;J;HccepTau;HH. ,lJ;MccepTaIJ;HOHHa.H pa6oTa H3-

.JJo:?KeHa Ha. 105 CTpaHau;ax, COCTOHT H3 BBe,IJ;eHH.H, 4 r.JJaB, 3aKJIIOqmurn H 

CITMCKa IJ;HTnpoBammfr .rrnTepaTyphr, BKJrroqaroru;ero 130 aa1nrnuona1rnii. 

Co,n;ep)Katt:irn pa60Tb1 
Bo eeedettuu (fJiaBa 1) o6ocHOBaHa aKTyaJihHOCTb TC:\I "' J.J c;.\eJiaH 

KpaTKH.t'I ofoop ITO ITpo6.rre:1rnM 3aTpOH)'Tbn1 B .n;ttccepTal\HH. H:wmJ:WHhr 

ITpaKTH'feCKa.H I1eHHOCTb H KpaTKOe OITHCaHHe pa60TbI. 

Bo emopou uiaee pacc:MOTpeHa :v10.n.eJib feil:3mr6epra c /\nyx- H Tpex­

'faCTH'fHhnur B3an:110.n.eil:CTBM.H:\II1 Ha perneTKe Ka.ro:1rn B CHJlhJIO:VJ '.11(l,l'HMT­

HO:\I no.JJe. ( c;,1. Pnc. la). B CMJibHo;,1, HaITpaBJJeHH0:.\-1 ITO ocu z, :\Ial'lrnT11m1 

ITOJ!e BKJia,n: OT x M y r<m.moHeHT BeKTOpa .? 6y.n.eT HCB8JIJ1J{ IIO cparrne­

HHIO c z KO:\IIIOHeHTOH, KOTOpaa: 6y.n.eT ITPHHH:\!aTb B 3TO:.\-I CJl)"la(' :ma•wmrn 
Sz = ±1, TO eCTb :VIO,LI,eJ1b feM.3eH6epra :VJO)KHO aITITPOKCIUIH:pOBaTb :.\-IO)\C'JlbIO 

Ifairnra Ha perneTKe Ka.ro:1,1e. fa:vrnJibTOHna.H c ,LI,Byx- n Tpex-•iacTw1111>nrn 

B3arnm,n;eil:cTBtta::..m vr:vreeT c.JJe,a;yroru;:a:H BH:,'.J;: 

J
2 L: .1a L: L: 7i = - (1 + s s.) - - (1 + s·s + s ·sk + sks·) - h s· 2 ' .1 2 7. .7 .7 . 7. •• , 

{i,j} \i,j,k} {-i} 
( 1) 

r.n.e h = ~liB, S; ITpMHI-I:\1a.€T 3Ha'femrn ±1, a J2 M J3 - KOHCTaHTbI B3am.10-

..a;e11:CTBH.H. PerneTKa. Karm.rn :.\-IO:m:eT 6bITb amrpoKC11:.\-rn:poBaHa peKypcHBHOfi 

perneTKOfi (.n.epeBo:..1) Xyctt:vrn (cM. Pnc. 1), T. K. peKypcrrnHaa: perneTKa,n;aeT 

B03).10)KH0CTb IIOJIY'il!Tb TOqHoe peKypCIIBHOe COOTHOilleH11e ,LI,JI.H CTaTHCTH­

qecKOH cy:.\-1:\1b1 n nprn1emrTh Teoparo .n.nHa:..rnqecKttx CMCTe:..1. Bhrne,n;eHbI pe­

KyppeHTHbre COOTH0Ill8HH.H ,'.l;JI.H BeTBefi CTaTHCTH'feCKOH cy:-.UlbI. IlOKa.3aHo, 
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PHc. 1: a) peUieTKa. KaroMe b) peUieTKa (,n;epeBo) Xyc:a~rn 

'ITO B aHTHcpeppm1an-mTH0:\1 C:Jiy'.!ae, ITPH HH3KHX Te:vmepaTypax, Ha KpH­

BOH Ha:.rnrnH'.!eHHOCTH, ITPH m = 1/3 Ha6.rrro,[l.aIOTC.H ITJiaTo (c::-.1. Pac.2b). 

Bbr'fHC.rreH .irnITyHOBCKHfi IIOKa.3aTeJih .n..rra: Tpex;,mpHoro OT06pa:?KeHrrn rrpn 

HH3KHX Te::-.mepaTypa.x. IloKa.3aHO, 'ITO )\JIH H8KOT0pb!X 3Ha'IeHI1H rrapa::-.rnT­

poB ,n;Boftuoro n Tpoi'rnoro B3aH:.\-IO,LI,eficTBH.H, B annr¢eppo:viarHMTHm.1 c.rry­

'Iae, :.raKcm.rnJihlihifr .JJ.HITyHOBCKI1H ITOKa.3aTeJih ITpH6.JJH)KaeTC.H K Hy.JJIO ( C:.\-1. 

Pnc.2a). 

·-2.x irr-"· 

-.:.!.::.-,HY-') 
~ 

···6.;., 10"" 

.. g. ,, W' 

1. ...... io···; 
-2 

a) 
-I () 

h 

1.0 

0.5 

-- \1.0 

0.5 

... J.(i 

-J -2 -I (1 

b} h 

PHC. 2: 
3aBHCHMOCTb f!OKa3aTe.rnr JhrrrynoBa (a) 11 KplIBOH Ha:\1arHH"f€HIWCTH (b) OT 

MarHHTHOro rroJrn ,n;.rrn 3Ha<£eHHH ofo.1CHHbIX rrapaMeTpOB J2 = 31nI<, J3 = 2m K, 
Te:\mepaTyphr T = 0.05mI< H 11TeparrHil )l° '·'' 1500 000 000. 

Ifay'Ia.H ,ui-rna:vrnKy peI<ypcnBHoro coOTHomeHrrn:, nail,Ll.eHhI Hym-r 5Ittra­

Jln 11 cp1uuepOBCKHe Hy.JIM CHCT€:\1bl B Tep"urnax H8ITO,IJ;BJ1)l(Hb!X TO'.!eK peKyp­

CHBHOro COOTHOIIl8HH.H. BbIJIO IIOKa3aHO, 'ITO ITPM Ha.,'IH'fHH ,IJ;Bj'X rrpHT.Hl'll­

Ba.IOIIJ;HX HeIIO,ll.BH)KHhIX TO'Ier<, cpHII1epoBCK11e HYJIM pacITOJIO)KeHhI BHYTPH 
2(.13- .J.,) 

:>.ieTaCTa6HJlbHOro penroHa Ha KO:VIII.rreKC:HOtl e~~.,-, ~ IT.JJOCKOCTH Ii COBIJa-
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:...-/ c '·... /' c '·..J i_,/ c '··-.J 

A A A A A A 

Puc. 3: IIo.o,perneTKH OAJiOMepHoli I.\€IIO'IKH KaroMe 

,n;aIOT c JIHHHmrn r,L1e l.\11 = l.\2 1. PacrroJIO)Ke1rne ¢mneposcKux HyJiei-i:, rrpu 

pa3Hb!X 3HaqeHH.HX KOHCTaHT B38.U:\10,D;eHCTBl-UI, a TaK)Ke 3Haqemi:e :-.iarHHT­

HOro IIOJI.H, 6bLTIH rpa¢ttqeCKH OT06pa)KeHbl. IlOKa3aHO Ha.'lI.f'IHe ¢a30BOro 

rrepexo,n;a, KaK B pea.nbHOH, TaK H B KO:'v!IIJI€KCHOH 06.TiaCTii Ha Te:11rrepaTyp­

HOH IIJIOCKOCTH. Pe3y.TihTaThI 3TOH: rJiaBhr orry6JIHKOBaHhI B pa6oTax [L ~]. 
B mpemt>eil 2JtaBe rrpr1:11emrn :1,1eTo,n; A1rna:1,1ttqecKux CHCTe:v1, pacc:v1aT­

p1-rnaeTcH MO,[\eJib H3HHI'OBCKOe rrpu6.'!H)KeHHe :1-!0,[\eJIH re:H3eH6epra C ,L\Byx-, 

Tpex- H ll!eCTu-qacni:qHhl:l1H B3aH:VJO,.!J;eH:cTBHH:l1H c ra:11H.'lhTOHHauo:1,1 Ha 0,21;­

HO:ViepHOH u;erroqKe Karo:1-1e: 

H = J2 - Ja 
2 

L (sis1+s1sk+sksi)+'~6 L H(6 )-h.z=s,, 
Triangles Hexagons 

r,.!l;e Hf6 ) - BKJia,!l; ll!eCT11-qacTH'IHOro 06:-.reuHoro B3a11:v10,L1ei1cTBHH: 

(2) 

JJ(fi) = ~ (1 + L s11.Sv + L 8w<;v8>.8p + s1s2S58fi.~9810) (3) 
µ<1.1 µ<v<>.<p 

IIocTpoeHhI rpa¢11K11 3asunn10CTH Ha:..1arHH'!eHHOCTH OT BHell!Hero :..ia.nrHT­

Horo IIO.'!H rrpH pa3JIH'!Hh!X KOHCTaHTax ofo.JeHHOrO B3aH:V!O,!];€HCTBHH H Te:l•!­

rrepaTypax H IIOKa3aHo, 'ITO 3Ta CHCTe:vrn pa36HBaeTCH Ha qeTb!pe IIO,Llpe­

llleTKH c pa3,'TH'IHhI:v!I1 na:1iarHuqeHHOCTznrn. Ha:1,1arirnqeHHOCT11 rro,n;peme­

TOK (B,C) (01. Puc.3) H:V!ff!OT rrJiaTo, rrpH m. = 0 H m = 1/3. u 3TH rr.riaTo 

coBnaµ;aIOT c mrnTo JIHITJHOBCKoro HH,n;eKca. Pe3y.TihTaThI 3TOH: r,'laBhr orry6-

.TIHKOBa.HhI B pa60Te [3.]. 
B "temBepmoil u n.nmoil 2.tLaBax pacc:MOTpeHhr HecKo.rihKO :11oµ:eJieH: 

arrnpOKCH:VrnpyIOll!l1e TBep,n;hIH H )KH,ll;KHH 3 Ile: 
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:::[;.~~~-~~.:~.:~·::~--~----·-,·- ··-----~j :::,---,-- .. ------ .-- ----~,--,-·1 

E o.ol E>-·-1 L,__ l s O.Of ! 

::L~~-=ct _ J ::L __ -·-~-' ~J 
-3 --2 --1 () 1 2 3 -3 -2 -1 0 1 2 3 

a) h b) h 

P11c. 4: a) 3aBHCHMOCTh Ha~rnrHHqeHHOCTH OT BHernHero none h = 2m.I<, J;; = 
l .5mK, Jr; = 2mK, T = 0.04mK .n;.rm pa3HbIX rro.n;perneTOK b) cpe.n;mrn Ha:-.ianrn­

creHHOCTH BCeX IIO,oi;peIIIeTOK. 

• J\loµ:eJib reft3eH6epra C ,JJ;BJX-, Tpex- qaCTH'IHhL\UI B3aH:VIO,ll;ef!CTBHlB1H 

Ha Ka.rm.re pe!lieTKe 

H ~ [h -J3 ( ) h ( z , z z)] = L.., ~ U.iUj + UjUk + UkUi - 2 O'; -:- O'j + 0'1,. : 

Triungles 

(4) 
r,n;e U; = {o'f.ar,CJ'n - :-.Ia.TPHI.\hl ITay.'TH ,Il;J!H Bepll!HH i. 

• ]'vfo,n;eJib reit3eH6epra C ,JJ;Byx-, Tpex- H qeThrpex-'IaCTH'IHhI:-.IH B3a.H:\IO­

,n;eI1CTBHH:.1H Ha r'l;CKOpHpOBa.HHOH TpeyrOJ!hHOfI pe!lieTKe. 

• Mo,n;eJib reil:3eH6epra c ;i;syx-, Tpex- H qeTb!pex-'!aCTHqHhI:v!H B3a.H:VIO­

,n;eil:cTBHH:.rn Ha ,.!l;eKOpHpOBaHHOH 3HI'3ar peilleTKe. 

J2 ~ h'"' H = ? L.., u;uj - ? L.., (u;uj + <Tj<Tk + uku;) + 
.... i,.f .... i,jlk· 

+ ~1 ;~l (~u,,uµ+G(i,j,k,l))-h LCJ'f, (5) 

r,n,e 

G(u;. CFj. u1,;. u1) = ( u;uj) (u1uk)+( u.;u1) (uJuk )-(u;uk)(uzuJ ). (6) 

C IIO:l10II.\hl0 HepaBeHCTBa rn66ca-Boro.rrI060Ba 

F :::; Fa + ( H - Ho I u , 
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r,n,e H - HCTHHHblll ra:vrnJihTOHiiaH, KOTOpb!ll OIIHChIBaeT CHCTe:viy, a H 0 -

HeKHil rrpo6Hhrli ra'.\1HJihTOHHaH. F H F0 eCTh cBo6o,ri;Hhre 3HeprHn cooTBeT­

CTByroru;ne JI H Ilo, a ( ... )o - 03Ha'!aeT CTaTHCTH'IeCKOe ycpe,n,HeHHe no 

rrpo6Ho:--1y ra:--rnJihTOHHatty H 0 . Ilpiniemrn BapHau;noHHy!O TeopHro cpe,n,Hero 
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b) 

(a) 3aBHCHMOCTb Ha:\1arHH"leHHOCTeil: ,n;Byx llO,.'lJleIIIeTOK OT :--1arHHTHOro llOJIH h 
rrpa .la = 2.5 MK . ./4 = 2 MK HT= 0.01 MK 11 h = 2 MK , 

b) 3aBHCHMOCTb Ha11rnrHH"l€HHOCTH mu (crrJIOIIIHaH Jll1lfl1H) H KOHKypeHD;HH 

(rnTpHXOBaH .1IHHHH - He,n;HaroHaJiblibie CIIHHbI, rryHKTHpHaH .1IHHHH -

,n;HaroHaJibHhie CIIHHbl) rrpH HyJieBOM BH€IIIHeM IlOJie OT TeMrrepaTyphl T npH 

.12 = 2 MK,.h = 2.5 MK H J.1 = 2 MK. 

IIOJI5I, OCHOBaHHY!O Ha HepaBeHCTBe rH66ca-BoroJI!060Ba, :\10)f(H0 yrrpOCTHTb 

HCTHHHb!H ra:--rnJibTOHHaH l1 HaHTH ero co6CTB€HHbie 3Ha'I€HMH l1 BeKTOpbI. 

Bhrforpaa rrpo6Hhri1 ra:vrn.llhTOHHaH H 0 TaK, 'IT06hr OH co,n,ep)f(aJI HeKOTOphre 

HeH3BeCTHhie rrapa:-.reTphr n, :--rnHH:\m3npy.H rrpaByIO cTopoHy HepaBeHCTBa 

r1166ca-BorOJI!060Ba, :VJO)f(HO HaHTH TaKHe 3Ha.'I€Hl151 Hel13B8CTHh!X rrapa­

:Vl€TpOB, ,n,.rrn KOTOpbIX rrpo6Hbrii: ra'.\HLl!hTOHI.J:aH H0 :viaKCH:via..'!bHO xopo!llo 

arrrrpoKc:inrnpyeT HCTHHHhIH ra1mJihTOHHaH H. Co6cTBCHHbre BeKTOpbr ra­

~VIHJibTomrnHa Hail B 06ru;e:i,1 c.rry-qae He 3aBnC.HT oT rrapa:vreTpOB n Haii:,n,eHhI 

:v1eTo,n,o'.\1 ,n,uaroHaJI:inau;uu. 

IIocTpoeHhr rpaqmKn 3aBac:i-n1ocTH Ha:viarHH'IeHHOCTn OT BHe!llHero :viar­

HHTHOro II0.'!51 (pnc. 5a) rrpn pa3HhIX KOHCTaHTax 06:-.1eHHOro B3arn.m,n;eii:­

CTBHH H Te:vmepaTypax H ITOKa3aHo, 'ITO ,n,JI51 KOppeKTHOrO orracamrn aHTH­

c:Peppo:--1arHHTHOrO B3al1'.\10,ll;CHCTBI151 rrpo6Hhlll ra'.\UI.l!bTOHHaH ,il;0JI)f(€H pa3-

6HTbC.H Ha ,!];Be rro;:i:pe!lleTK!I c pa3HhI:\!!1 Ha.MarHH'I€HHOCT5I:\1H. IloKa.3aHa 3a­

Bl1Cl1:VIOCTb rrpn HyJieBo:vr rroJre 1n0 OT Te'.\1rrepa.Typhr T (puc. 5b crrJIOIIIHa.H 
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l 
) 

mrn:irn). KaK :VIQ:)JCHO BH;:I;€Th H3 3Toro rpa<PnKa, B OTCJTCTBHe rroJia Ha­

:-.1arHH'IeHHOCTh O,ll;HOH IT0,11,peweTKH ITOCTerreHHO CTpe1urTCH K rry.11!0, rrpH 

orrpe,n,e.'!eHHOii: KpHTH'IecKoii: Te:-.rnepaType T0 . 9Ta TO'IKa .HBJIHeTCH TO'IKOfi 

c:Pa3oBoro rrepexo,n,a BToporo po,zi;a '.\1€)1(,!l;y yrrop.H,ll;o'IeHHOfi n HeyrropH,ll;O'IeH­

Hoii cPa3a'.\rn. 

o. 

I) 4 ~ 

m: c .. 

-:!O 
-10 

a) b) 

PHC. 6: 
3aBHCHMOCTh (a) HaMarHH"l€HHOCTH m, (b) KOHKypeHD;HH C(p) ,n;.'lH 

He,n;HarOHaJibHbIX CIIHHOB OT :.rarHHTHOro IIOJIH h n KOHCTaHTbl B3aHMO,n;eil:CTBHH 

h rrpH .la = 2.5 MK, J4 = 2 mK H T = 0.5 MK . 

l\:leTO,I\ cpe,n,Hero IIOJI.H II03BOJI.HCT pa.CC'.\-IaTpirnaTb TOJibKO 0,ll;HH K.'la.C:Tep 

3J;rr3a.r JICCTHI1IJ;bI B 3cPcPCKTHBHO:VI cpe,!];HC'.\! ITO.Tie 1' l1 paCC'IHTaTh KBaHTOBY!O 

3arryTaHHOCTb, H3y'Ia.Tb ee CBOMCTBO. I3 Ka'IeCTBe Mepb! ,ll;JI51 KBaHTOBOfr 3a­

rryTaHHOCTH ncrro.l!h30Ba.Ha KOHKypeHu;n.H [29]. Pacc:..10TpeHa. CB.H3h CBOHCTB 

cTa.THCTH'IecKHX n KBaHTOBhrx xapaKTepHCTHK cncTe:VIhI. Ha pnc. 5b wTpH­

xoBa.HHOH mrnHefi IlOKa3aHa KOHKypeHu;rrn C (P) KaK cPYHKIJ;Hl1 OT T rrpH 

H}'.ITCBm1 BHeIIme:-.1 ITO.'!e H cPI1KCHpOBa.HHbl:v!H 12 = 2 :vrK, h = 2.5 :-.1K l1 

.J4 = 2 '.\1K. CpaBHJ>IBaH c aHaTiorn'IHhUI rpa.c:PnKm1 ,n;.'IH Ha'.\.JarHn'IeHnocTH 

(pHC. 5b CIT.'lOIIIHa..H JII1HI15I), '.\10:iKHO CKa3aTb, 'ITO B OTCYTCTBHe ITOJI51 KOHKY­

peHI~l1.H ncqe3aeT rrpn TOfi )Ke KpHTH'ICCKofi Te:-.rnepa.Type Tc, 'ITO Ha:viarHH­

'leHHOCTh. Ha pHc. 6 rroKa3aHhI Ha:viarHn'IeHHOCTh (pHc.6a) H KOHKypeHu;ua 

C(p) (pHc.6b) KaK cPYHKIJ;l1H OT h H BHeIIIHero ITO.'l.H h (rrpn cPHKCHpOBaH­

HO:VI 13 = 2.fi :-.1K, ]4 = 2 }.·IK n T = 0.1 11K). Cpa.BHHBa.H 3TH rpac:PaKn, 

:\!Q)f(HO yBu,n,eTh cxm1cecTb ITOBe,n,eHHH Ha:'\1arHU'IeHHOCTI1 H KOHKypemvm. 

Ilpl:I Tex 3Ha'!CHH.HX .12 H h, Kor;:i:a Ha.6.rrro,l];aeTC51 rr.'laTO na:-.rnrHH'IeHHOCTH, 

KOHKypeHIJ;H.H TO)Ke l1:\1e€T II.'la.To. 
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Pe3yJihTaTbI 3TOH r.11aBbI ony6m1KOBaHbI B pa6oTe [4.]. 
B aa'IC.11,10"te-Huu npe,n:cTaB.TJeHbI ocHOBHhie pe3yJihTaTbI pa60Tb1: 

1. Ilpn:1-ieHeHHey1 yJeTo,n;a ,a;nHayJff'IecK.llx c11cTeM, ,!l;JIR :-.10.n;em1 IfanHra 
Ha pellleTKe Karo:-.re no.'Iy'IeHbI TO'!Hhie peKyppeHTHbie OTo6pa)Kemrn 
µ:;1.a cTaTHCTH'!ecKo:H cy:-.n1b1. IIocTpoeHhI KpIIBbre Ha:-.iarmF1eHHOCTH 
,!];Jrn ::110,n:eJIH IfanHra Ha perrreTKe Karo:-.1e. IloK33aHo, 'ITO npu HI13-

KHX TeYmepaTypax HYieeTCR TIJia.TO Ha.:1rnrHH'IeHHOCTH npH 3Ha'IeHH!I 
m = 1/3. BhI'!HC.TJeHa 3aBucu::-.10cTb JrnnyHOBCKoro noKa3aTeJIR OT 
BHelllHero :-.mrHHTHOro IIO.'IR 11 IIOKaaaHo, 'ITO IlOK33aTe.'Ib npH6.rrn­
)KaeTCR K rry.'IIO. l\:IeT0,21;0:.1 ,TI;HHa:l>m'!eCKHX CHCTe:I<! HCCJie,L\OBaHbl HYJIH 
5Irrra-Jh1 n IIOK33aHo, 'ITO B ¢eppo:-.iarHHTH0:1<1 cnyqae 5IHra-JI11 ny.rrn 
pacnonmKeHbI Ha ,!l;yre 01<py)KHOCTH [l]. l\'leTO,!l;OM ,a;nHa:1111qec.1<nx cn­
cTe::-.1 HCCJie,n:oBaHbl cPHlllepOBCKHe HyJrn 11 HaH.i:J;eHa KpHTI1'!€CKa.a Te:-.1-
rrepaTypa ¢a3oBoro nepexo.n;a B ¢eppo:-.iarH11THm1 cJiyqae np11 h = O 
[~]. 

2. i'vleTO;J;0:\1 ,LJ:l1Ha:-.rn'!eCKHX CIICTe:-.1 11CCJ'I€,TI;OBaHbI :-.iarHHTHbie CBOHCTBa 
:-.10.n;em1 lib11Hra Ha o,n:Ho:-.1epHofr perneTKe Karmrn. IIo.11yqeHo o,n:H0:\1ep­
Hoe H ,LJ:BJ':11epHoe peKyppeHTHbie OT06pa)KeHl1R ,L\JIR CT3THCTl1'IeCKOH 
cy:11:-.1bI. IIocTpoeHbI rpa¢111<u Ha:-.1arHn'IeHHOCTH 11 IIOK33aHO, 'ITO 3Ta. 
c11cTe:-.1a paa6nBaeTCR Ha 'IeTb1pe rro,n:perneTKH c pa3JIH'!Hb1:-.rn Hal\1ar­
HH'!eHHOCTR:\1H. Ha.l\iarHH'!eHHOCTH Ha ,n:Byx H3 no;:i;perneTOK n:-.1eroT 
TIJiaTO H 3T!I IJ.TiaTO COBITa,!];aIOT c TIJiaTO JIRITYHOBCKOro YIH,L\eKca [;i]. 

3. JJ;.TJR :\10,L\eJI!I refI3eH6epra C ,L\Byx-, Tpex- H 'IeTbipex-'IaCTl1'!Hbn! 06-
::\,JeHHbl:\UI B3an:-.10,n;e11CTBI1R:l>IH Ha p33Hb!X peIIIeTKax, a H:\IeHHO, Ha pe­
rneTKe Karo::-.re, TpeyronhHOH peII1eTKe n 3Hr3ar neCTHmi;e, pacc'I11Ta­
Ha KOHKypeHri;Irn (:-.1epa. KBaHTOBOH 3arryTaHHOCTH), npn:-.1eHemie:-.1 :-.1e­
TO,zi;a annpOKCYI:\laIJ;HH cpe,n;HlI:\1 rro,1e:11, OCHOBaHHOro Ha HepaBeHCTBe 
ru66ca-Boro.rcI060Ba, n IIOKa3aHO, 'ITO ee CBOHCTBa aHaJIOrU'!HbI CBOH­
CTBa:-.1 Ha:1mrHH'IeHHOCTH [1_]. 
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SCMMARY 

This thesis is devoted to the investigation of the Heisenberg model 

with multi-site exchange interactions on different lattices. The main results 

obtained in this work are: 

1. l:"sing dynamical system for Ising model with two- and three-site 

exchange interactions on kagome lattice the exact recursion relation for 

the partition function has been found. For different values of exchange 

parameters and temperature, the diagrams of magnetization are plotted and 

shown that magnetization properties of the model vary from ferromagnetic 

to antiferromagnetic depending on the value of model parameters. For 

antiferromagnetic case the magnetization plateau at 1/3 of saturation field 

is obtained. Lyapunov exponent for recursion relation are considered and 

shown the absence of bifurcation points in thermodynamic limit. The Ya.ng­

Lee zeros are analyzed in terms of neutral fixed points and shown that Yang­

Lee zeros of the model are located on the arcs of the circle with the unit 

radius. The Fisher zeroes are investigated and phase transition temperature 

for ferromagnetic case are obtained. 

2. The Ising approximation of the Heisenberg model in a strong magnetic 

field, with two, three and six spin exchange interactions is studied on 

a ka.gome chain. By using dynamical approach we have found one- and 

multi-dimensional mappings (recursion relations) for the partition function. 

The magnetization diagrams are plotted and they show that the kagome 

chain is separating into four sublattices with different magnetizations. 

l\fagnetization curves of two sublattices exhibit plateaus at zero and 2/3 of 

18 

the saturation field. The maximal Lyapunov exponent for multidimensional 

mapping is considered and it is shown that near the magnetization plateaus 

the maximal Lyapunov exponent also exhibits plateaus. 

3. The magnetic properties and entanglement for kagome lattice using 

Heisenberg model with two-, and three-site exchange interactions in strong 

magnetic field are investigated. The magnetic properties and concurrence 

as a measure of pairwise thermal entanglement a.re studied by means of 

variational mean-field like treatment based on Gibbs-Bogoliubov inequality. 

We have found that in the antiferromagnetic region behaviour of the 

concurrence coincides with the magnetic susceptibility one. With absence of 

external magnetic field the dependence of magnetization from temperature 

plotted and shown that system undergo second order phase transition in 

some critical temperature. 

4. l:"sing Heisenberg model with two-, three- and four-site exchange 

interactions, by means of variational mean-field like treatment based 

on Gibbs-Bogoliubov inequality the magnetic properties and concurrence 

(measure of pairwise thermal entanglement) on decorated triangular lattice 

and decorated zigzag ladder are studied. We have found that in the 

antiferromagnetic region behaviour of the concurrence coincides with the 

magnetic susceptibility one. With absence of external magnetic field the 

dependence of magnetization from temperature plotted and shown that 

system undergo second order phase transition in some critical temperature. 
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UU<Pil<t>Uq.pf' 

Ul.[ll::iUwJunumroJmUnuI munumwuppt.[wb l::iu pwquwuwuuJ1lJmJpU l]mJuwqq.l::igm­

JOJmUul::ipntl '\wJql::iupl::ipqp 11 11pw Un1.[1wtJ.npmroJmU12 hwuq.puwgn11. t>qJ1uqp 

unq.l::itul::ipJ1 ljpp41J1qwljwu t.[wp~[! ll uwqupuwljwu hwl.[lljmroJmUul::ip[! nl::iljmpl::iu41 

gwugl::ipp l{pw: U2Juw41wu!!mtI u41wgt.[wb hpuuwljwu wpq.JmU!!Ul::ipu l::iu. 

1. Oqtpl{l::itnt.l q.J1uwuplj hwU:wqwpql::ipJ1 U:tronq.pg qwqmil::i gUIUgp l[pw, 

l::ipljwl1J1 11 tnwljp ljlnJuwqq.l::igm:roJmuutpnt.[ t>qpuqp un11l::iLl1 l{J16wljwqpwljwu 

qnuiwpp hwt.iUip u41wgt.[wb tu 6ctqppl.[l nl::iljmpbu41 wptpUIUJUilflljbpmuuubp: 

Ql::ipuwu41ptiwl1J1 11 tpnJuwq11bgmroJwU hwul.[lw41muubpp l.[lUippbp wpcJ-b9ubpJ1 

hwuwp qwnmgl{wb bu t.iwqujmwgl{wbm]OJUIU lllf1lfllll9JlU l).U12lflJ19 

ljwjul{U1bm]0JUIU qpw.:pJ14utp 11 gmJg t l.[lpl{wb, np hwuwlJlllpqp U:U1qupuwljwu 

hw414mraJmuubp[!' ljwJul{lllb l]1nJuwq11bgmJ0JUIU hurn41U141muul::ipj19, 

ljUipn11. tu lfimpnJutlbt .:pbpnU:UiquJmwljwuj1g hwl.jUI.:pl::ipntIUiqupuUil.jwup: 

'\UiljUI.:PbpnuwqupuUiljUiu q.buigmu q.j11.[ll{mu bu U:Uiquj1uUil.jUiu hUipJOwt.iubp 

hUiqbgtIUiu UUIUqupuUigl{wbmJOJUIU 1/3 wpcJ-b!!mU:: '1-pl.[lUipljt.[wb t l.JlllUJmUnl[p 

gmgp2[! UI[ll.[lUIUJUilfll.jbpmuubpp hwuwp ll gmJg t 41pl{Uib robpunq.puUIU:[11.jUil.jwu 

uUihUUiumu pp.:pmpl.jUigpUiubpp pwgUI4WJnLJOJntU[!: '1-puwuplj hU1uw4UipqJ1 

utranq.nl{ mumLiUUiuJ1pl{Uib bu 5Uiuq-Lpp qpnubp[! ll gmJg t 41pl{Uib, np 

5Uiuq-Lpp qpnubp[! qtpUl{mu l::i[J llpUil{np 2[12UlUUiqbp l{pUI: iltumUUUIUp[lt.[Uib 

l::iu ~r2tpJ1 qpnul::ip[! 11 .:pl::ipnuwqu[1uwl.jUiu q.bUJ!!mu qLpUl{Uib t l]lnqUIJpU 

wugU:Uiu ljp ptppljUiljwu 2bpuwmp [16wu[!: 

2. ilrnmuuumJ1pt.[wb t mctb11. tiwqupuUiljwu q.w21.JlmU, tp4-, bnw-

11 l{l::igwuwuup4wup l]lnJuUiurul.jwJpu l]lnJuwqq.bgmraJwU:p '\wJqbupbpqp 

U:n11btJ1 f>qpUqJwU UntpwpljmU[! 4wqnubp 2flJOU1JJ1 l{pw: '1-puwup4 

hwt.iwl.jwpqj1 UbJ0n11nl{ 4_[1tiwljwqpUiqWU qmtiwp[1 hUIUUI[l Ul.[lUigl{bt 

bu tIJ1w2wl]1 ll pwquw2wl]1 tU[11.JlUIUJWl.[lljbpmuub11: lrummgt.[Uib bu 

UUiqll[mUigl{wbm]OJUIU w1141w!![1u U:wqllj1uUil.jUIU l).UI241[19 ljUIJul{wbmJOJUIU 
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qpw.'.p[14ubp l.1 gnlJg t tppl{wb, np l.jUiqnt.il::ip 211rawu l.[lJ1nhtlmu t inpu 

l::iU]OUIQUIUg bp [1' l.[lUl[l p bp uwqu[mwgtJ.w C>-mra JmUubpnl{: bU[3wg111ug bp[19 

bpljmup uruqupuwgl{111bmro.1111u l.jnpbpmu wn4ru bu UUiqUpmu4wu 

hwpf3UiljUbp hwqbgt.iw[J t.iwqu[mwgl{wbm[3JUIU 2/3 wpcJ-h9mU:: flwquw2wl[1 

Ul[llflUIUJUil.Jl4hpuwu hwUwJ1 hw2l{w111.jtlwb t uwljupU:wt LJwUJmuntl[1 gmgpm 

uruqu[mwljwu hwprawljub11!1 tl11w ll gm.19 t 4111l{wb, np l.JwUJmunl{p gmgJ1m 

umJUJbu mup h111prawtiubp: 

3. 4wqnul::i gwug[1 l{pw hpl.jm- ll bnwuwuupljw3pu l[lnjuwuw4wJpU 

lfinJuwq11l::igm]0JUIUp '\LL1jqbllpbpq[1 t.inq.bt[l hUIUU1]1 mumUUwuJ111l{wb 

bu !!tlwu41ruJ[1u Ju6til{wbmf<lJm b[! 11 tiwqu[mUiljwu hw41ljmra.1muuh11Q: 

U11gwljgntf<lJntU[!, npUJbu !!tlwb41w.1[1u [u66tlwbmf<lJUIU illilfl, 11 uwqu\mwljwu 

hw414mf<lJmUubp[! mum ubwu[1pl{wb bu u]12J1u 11-w241nl{ Unl.Jlmpl.jumu 

Ub]Onq.nt.[, hJ1tiul{wb q.l1ppu-flnqnum pnl{J1 mlihwl{wuwpm:roJmU t.[pw: 5mJg 

t l.[lpt.[wb, np U:wquJ1mugl{mbm f<lJl1l U[l_ l.I Upgw49m]0JntU[! Ifpultnpmu bu 

UUUIUwl.[l[lUJ tJ.wp9: Upl.JlUIJ;!pU 11m?41!1 pmgu1t.iwJl1lJOJUIU q.bUJ9mu 1.jwnmgtlwb 

t U:wqupuwgl{UibntJOJlllU 2bpt!ruu41ptiu1b[19 ljwJul{wbnt]OJlllU qJ1ru.:PJ14r.! ll gmrn 

t l.[l]1l[wb, hrut.iru4mpqmU 41bqJ1 t mlibllmU bp4J111f11). ubnp ljrnitWJpU ruugUmU 

npn2wl.jp 4PPlflP4Uiljwu 2b11urnu41J16wumu: 

4. Oql.[lwqnpbbtntl bJ14m-, b]1b9- 11 9UinUIUwuuj14wJJ1 l]lnJuwuwl.jUIJpu 

ljlnJuwqq.bgnt]OjUIUp '\UIJqbupbpqp Unl).bl[!, q.J1ppu-f!nqnumpnl{ti 

wuhwl[UIUU1[1nL[3JlllU l{]1Ul h[1Ufil{wb U[12]1u IfU121.[ll1l[ Un41wp4UUiu UbJ0n11nl[ 

h1112l{w11t.il{111b tu Uj1gru4gm]OJnLU[! (9l{UlUl.[lWJ]1U Ju66l[wbm[3JWU iWtli) 11 

t.iwql!puwljmu hwlfl4ntJOJmuutp[! q.b4nJ1wgl{wb bnwuti.1muw3pu gwug]1 11 

q.b4npwgl{wb qpqqwq UWUl).ntf]_!!J1 l{pw: gnljg t 41ptlwb, np u2l{wb gwugbpp 

hlllt.iwp U:wquJ1umgl{wbmra.1mu[! l.I upgwqgmioJmU[! q.pullnpmu tu uuwumippUJ 

l{lllpJ;!: 5mJg t ippl[rub, np hwuru4wpqmu Uin4w t bpl.jpnp11 ubnp ljrnqmJpu 

wugtiwu 2tpuwu41p6wu, qpnJw4wu Ul[11.[lW9J1u l).Ul21J1TilU t.iwqupuwgl{wbmf<lJUIU 

2bpt.iwu41J16wu\19 4wJul{wbl1L]OJWU t.ib2: 
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